In this paper, we use the notion of Jacobi-type vector fields introduced in [5] to obtain a necessary and sufficient condition for a Kaehler manifold to be isometric to the complex space form (C n , J, , ), where J is the complex structure and , is the Euclidean metric on C n .
Introduction
Recall that a Killing vector field ξ on a Riemannian manifold (M, g) is a Jacobi field along each geodesic γ : I → M, that is, it satisfies the differential equation
where R is the curvature tensor field of the Riemannian manifold (M, g). In [5] , the author has extended the definition of Jacobi field along a geodesic and defined a Jacobi-type vector field on a Riemannian manifold. A smooth vector field ξ on a Riemannian manifold (M, g) is said to be a Jacobi-type vector field if it satisfies
where ∇ is the Riemannian connection, R the curvature tensor field and X(M ) is the Lie algebra of smooth vector fields on (M, g). It is clear that a Jacobitype vector field is a Jacobi field along each geodesic on the Riemannian manifold and it follows that each Killing vector field is a Jacobi-type vector field (cf. [5] ). Thus, if we denote by J(M) and K(M) the sets of Jacobi-type vector fields and Killing vector fields on a Riemannian manifold (M, g), then we have
and there are Riemannian manifolds on which above inclusion is strict. For instance, consider the Euclidean space R n and ξ the position vector field on R n , then it is easy to verify that ξ is a Jacobi-type vector field and it is not a Killing vector field. Jacobi-type vector fields are used in the study of real hypersurfaces of a complex space form (cf. [4] , [8] ), where it is shown that for compact real hypersurfaces of a complex space form if the Reeb vector field is a Jacobi-type vector field, then it is Killing.
Recall that a smooth vector field ξ on a Riemannian manifold (M, g) is said to be a conformal vector field if its local flow consists of local conformal transformations of the Riemannian manifold (M, g) and it is a generalization of a Killing vector field. Non-Killing conformal vector fields are used in characterizing spheres among compact Riemannian manifolds (cf. [2] , [3] , [7] , [10] ). A conformal vector field X on a Riemannian manifold (M, g) satisfies
for a smooth function ρ : M → R and it is said to be nontrivial conformal vector field if ρ is a nonzero function and is said to be gradient conformal vector field if X is a gradient of some smooth function. It is known that on a compact Kaehler manifold (M, J.g), where J is the complex structure and g is the Hermitian metric, a conformal vector field is Killing (cf. [11] ). However, on non-compact Kaehler manifolds non-Killing conformal vector fields are in abundance. We have seen earlier that if ξ is the position vector field on the Euclidean space R n , then ξ is a Jacobi-type vector field, moreover it satisfies £ ξ g = 2g, where g is the Euclidean metric on R n , that is, the vector field ξ is also a conformal vector field on R n and indeed it is a gradient conformal vector field with ξ = ∇f , where ∇f is the gradient of the smooth function f = 1 2 ξ 2 . Moreover, if ψ is the position vector field on the Euclidean complex space form (C n , J, g), where J is the complex structure and g is the Hermitian metric, then the vector field ξ = ψ+Jψ is a Jacobi-type vector field that is also a conformal vector field on (C n , J, g) which is not a gradient conformal vector field. These properties of the vector fields ξ arising from the position vector field naturally raises a question as to whether a Jacobi-type vector field on a complete Riemannian manifold (M, g) which is also a conformal vector field characterize a Euclidean space? In this paper paper we study this question and obtain a necessary and sufficient condition for a Kaehler manifold (M, J, g) to be isometric to the Euclidean complex space form (C n , J, g).
Preliminaries
Let (M, g) be a Riemannian manifold and ∇ be the Riemannian connection on it. A smooth vector field ξ on the Riemannian manifold (M, g) is said to be a Jacobi-type vector field if it satisfies
where R is the curvature tensor field and X(M ) is the Lie algebra of smooth vector fields on M (cf. [5] ). Clearly a Jacobi-type vector field on a Riemannian manifold (M, g) is a Jacobi field along each geodesic on M. A Jacobi-type vector field is said to non-trivial Jacobi-type vector field if it is not a parallel vector field. Moreover, we have the following:
Lemma 2.1 Let ξ be a Jacobi-type vector field on a Riemannian manifold (M, g). Then
Given a Jacobi-type vector field ξ on a Riemannian manifold (M, g), we denote by η the smooth 1-form dual to ξ and define a symmetric tensor field B of type (1, 1) and a skew-symmetric tensor field ϕ of type (1, 1) by
(2.2) Then using Koszul's formula, we immediately arrive at
which together with lemma 2.1 gives
where the covariant derivative (∇A) (X, Y ) of a (1, 1) tensor field A is defined as
Let (M, J, g) be a 2n-dimensional Kaehler manifold. Then we have
where J is the complex structure. Note that on the Kaehler manifold (C n , J, g), if ψ is the position vector field, then the vector field ξ = ψ + Jψ satisfies
and consequently ξ is a conformal vector field. Motivated by the above equation, in [6] authors have introduced the notion of special conformal vector field. A vector field ξ on a Kaehler manifold (M, J, g) is said to be a special conformal vector field if it satisfies
where ρ, f are smooth functions on M (cf. [6] ). We need the following result proved in [9] (cf. Theorem 1).
Theorem 2.1 [9] Let (M, g) be a complete and connected Riemannian manifold. Suppose that there exists a smooth function f : M → R satisfying
Hess(f ) = cg, for some constant c = 0. Then M is isometric to R n .
Jacobi-type vector fields on Kaehler manifolds
Note that the vector field ξ = ψ + Jψ, where ψ is the position vector field on C n , on the Kaehler manifold (C n , J, g) is a Jacobi-type vector field as well a conformal vector field and that by equation (2.6) it is a special conformal vector field with both functions ρ and f are constants. We show that the existence of such a vector filed is a characteristic property of the Kaehler manifold (C n , J, g). Indeed we prove: Proof. Suppose that the Jacobi-type vector field ξ is also a special conformal vector field with f constant, then by the equations (2.3) and (2.7) on comparing symmetric and skew-symmetric parts, we have
where ρ is a smooth function on M and f is a constant. Using the above equation in equation (2.4), we get
Taking the inner product with Y in the above equation, we get
which proves that ρ is a constant. Now, define a smooth function h :
Then using the equation (2.7), it is easy to see that the gradient ∇h of the smooth function h is given by
which together with equations (2.5) and (2.7) gives
where we used the fact that both ρ and f are constants. We claim that the function h is not a constant, for if it were a constant by the equation (3.2), we shall have f Jξ = ρξ and as ξ is non-zero vector field and ξ, Jξ are orthogonal vector fields, the above equation would give ρ = f = 0, that is, ∇ X ξ = 0, which is a contradiction to the fact that ξ is a non-trivial Jacobi-type vector field. Hence h is a nonconstant function function, which by the equation (3.3) satisfies
Hess(h) = cg,
where c = ρ 2 + f 2 is a constant. If c = 0, we get ρ = f = 0, which gives a contradiction. Hence c is a non-zero constant and thus the above equation combined with Theorem 2.1 proves that (M, J, g) is isometric to (C n , J, g). The converse is trivial as the vector field ξ = ψ + Jψ, where ψ is the position vector field on C n satisfies the requirement of the Theorem.
